o 



SUPERSYMMETRY, HOLONOMY, AND KUNDT 

SPACETIMES 

J BRANNLUND, A COLEY, AND S HERVIK 

66' 

^D ' Abstract. Supersymmetricsolutionsofsupergravity theories, and 

consequently metrics with special holonomy, have played an impor- 
tant role in the development of string theory. We describe how a 
Lorentzian manifold is either completely reducible, and thus es- 
sentially known, or not completely reducible so that there exists a 
degenerate holonomy invariant lightlike subspace and consequently 
CO ' admits a covariantly constant or a recurrent null vector and belongs 

to the higher-dimensional Kundt class of spacetimes. These Kundt 
^ ' spacetimes (which contain the vanishing and constant curvature in- 

O^i variant spacetimes as special cases) are genuinely Lorentzian and 

5_^ ' have a number of interesting and unusual properties, which may 

W), lead to novel and fundamental physics. 
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• I We discuss the geometrical properties of spacetimes in the context 

Q ' of string theory. In the study of supersymmetry, there are two classes 

OO , of solutions. If the spacetime admits a covariantly constant time-like 

vector, the spacetime is static and (1 + 10)-decomposable, where the 

10-dimensional transverse space is Riemannian. The second class of 

^ ■ solutions consists of spacetimes which admit a covariantly constant 

light-like vector, and belong to the higher-dimensional Kundt class of 
spacetimes. These spacetimes are genuinely Lorentzian and have many 
mathematical properties quite different from their Riemannian counter- 
parts that can lead to interesting and novel physics. It is within string 
theory that the full richness of Lorentzian geometry is consequently re- 
alised, where the Kundt spacetimes play a fundamental role. Indeed, in 
gravitational physics the richness of Lorentzian spacetimes and general 
relativity is often not fully realised. For example, in many applications 
in cosmology Newtonian gravity, or small deviations thereof, suffices. 
In many applications of quantum field theory on a curved background 
or quantum gravity there exists a unique time and space and time are 
essentially treated independently (and the structure of the Lorentzian 
manifold is not fully utilized). 
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1. Introduction 
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In particular, we discuss the work of [U, El E] , and show that it fol- 
lows that a Lorentzian manifold is either completely reducible, and 
thus essentially known, or not completely reducible, which is equiv- 
alent to the existence of a degenerate invariant subspace and entails 
the existence of a holonomy invariant lightlike subspace. In this lat- 
ter case the Lorentzian manifold decomposes into irreducible or fiat 
Riemannian manifolds and a Lorentzian manifold with indecompos- 
able, but non- irreducible holonomy representation; i.e., with (a one- 
dimensional) invariant lightlike subspace. Such Lorentzian spacetimes 
admit a covariantly constant or a recurrent null vector (CCNV/RNV), 
and contain the vanishing and constant curvature invariant spacetimes 
(VSI/CSI) as special cases. 

LL Supersymmetry. Supersymmetric solutions of supergravity the- 
ories have played an important role in the development of string theory. 
For example, supersymmetric compactifications may lead to realistic 
models of particle physics and a microscopic interpretation of black 
hole entropy in string theory is best understood for supersymmetric 
black holes. The existence of parallel (Killing) spinor fields, which play 
a central role in supersymmetry, accounts for much of the interest in 
metrics with special holonomy in mathematical physics. The existence 
of a parallel spinor on a Lorentzian manifold defines a parallel vector 
field which can be null. Hence the manifold has an indecomposable, 
non-irreducible factor. In the physically important dimensions below 
twelve the maximal indecomposable Lorentzian holonomy groups ad- 
mitting parallel spinors are known [H [S] . 

A systematic classification of supersymmetric M-theory vacua with 
zero flux (that is, eleven-dimensional Lorentzian manifolds with van- 
ishing Ricci curvature and admitting covariantly constant spinors) was 
provided in [5|. There are two classes of solutions. If the spacetime ad- 
mits a covariantly constant time-like vector, the spacetimes are static 
and their classification reduces to the classification of 10-dimensional 
Riemannian manifolds with holonomy contained in SU{5) (i.e., to the 
classification of Calabi-Yau 5-folds). The second class of solutions con- 
sists of spacetimes which are not static but which admit a covariantly 
constant light-like vector. Supersymmetric solutions of 11-dimensional 
supergravity can be classified according to the holonomy of the super- 
covariant derivative arising in the Killing spinor condition. This class 
can be extended to M-theory [6l [7] . 

The following results are useful in IID Supergravity. Let {Ai, gab) 
be a Lorentzian manifold. Then there is a parallel (i.e., covariantly 
constant) vector field on M. if and only if the holonomy has a trivial 
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subrepresentation \^. Let {Jvi^g^h) he a simply connected, indecom- 
posable, reducible Lorentzian manifold with abelian holonomy algebra 
M™""^. Then the manifold admits parallel spinors whose corresponding 
vectors are lightlike [3j . The classification can be further refined by the 
holonomy group of the spacetinie. In the Lorentzian case there are sub- 
groups of the Lorentz group which act reducibly yet indecomposably 
on the spacetinie that play an important role. We shall discuss these 
results in more detail later. 

Summarizing the situation in eleven-dimensional supergravity [5]: 

1.1.1. Static vacua. If the spacetime admits a covariantly constant 
time-like vector, then the holonomy group must be contained in the 
subgroup Spin{10) C ^^^^(lO, 1), leaving a time-like vector invari- 
ant. Spacetimes with holonomy group H C SU{5) always admit a 
Ricci-flat metric and hence, equipped with this metric, they satisfy the 
supergravity equations of motion. Such spacetimes contain a time-like 
Killing vector and are static and consequently locally isometric to a 
product M X X with metric 

ds^ = -de + ds^{x) , 

where X is any Riemannian 10-manifold with holonomy contained in 
S'f/(5); that is, a Calabi-Yau 5-fold. 

1.1.2. Non-static vacua. If the spacetime admits a covariantly constant 
null vector, the isotropy subgroup of a null spinor is contained in the 
isotropy subgroup of the null vector, which in arbitrary dimensions is 
isomorphic to the spin cover of 

ISO{n - 2) = SO{n - 2) k M"^^ ^ gQ^^ - 1, 1) . 

For n < 5 this means the holonomy group is M""^, which implies 
that the metric is Ricci-null. Bryant ^ has recently written down 
the most general local metric with this holonomy (particularly for a 
eleven-dimensional spacetime). 

1.2. Recurrent Null Vector. Another group of interest in Lorentzian 
signature in n dimensions is the maximal proper subgroup of the Lorentz 
group, Sim(n — 2). The Einstein metric of Sim(n — 2) holonomy, with 
and without a cosmological constant, was studied in [5]. 

In general, time-dependent solutions cannot be supersymmetric. How- 
ever, a time-dependent solution can arise from the dimensional reduc- 
tion of a time-independent solution in one higher dimension that ad- 
mits a Killing spinor. Because the Killing spinor is not boost invariant, 
it does not descend to the lower-dimensional spacetime which is not 
supersymmetric . 
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Multi-centre metrics can arise by dimensional reduction from a met- 
ric with a reduced holonomy group. An example is when the Killing 
vector field is (covariantly constant and) null. The holonomy is then 
reduced to the abelian subgroup M""^ of the n-dimensional Lorentz 
group SO{n — 1,1). These Brinkmann waves ^^ (or CCNV space- 
times) necessarily have vanishing Ricci scalar curvature. They can be 
used to obtain time- independent and time-dependent extremal Kaluza- 
Klein multi black holes and multi Kaluza-Klein monopole metrics. 

Dimensional reduction on a null Killing vector that is not necessar- 
ily covariantly constant has also been studied. Indeed, solutions with 
non- vanishing spatial curvature from Einstein metrics in one higher di- 
mension with reduced holonomy and with non- vanishing cosmological 
constant must necessarily be obtained for a holonomy group which is 
larger than that of M""^. 

The Sim(?7, — 2) holonomy metrics are of interest in M-theory and 
string theory. In any of the metrics of Sim(n — 2) holonomy there ex- 
ists a preferred spinor which generalises the covariantly-constant spinor 
that gives rise to supersymmetric CCNV metrics; however, this pre- 
ferred spinor is not associated with any supersymmetry. 

2. Holonomy Theorem 

In the Riemannian case, the de Rham decomposition theorem [11] 
states that if the holonomy group (see Appendix) of a simply-connected 
Riemannian manifold M dX m E M, $, preserves a proper subspace of 
the tangent space (i.e., is reducible), then the tangent space is decom- 
posable (into holonomy invariant subspaces) and M is (locally) isomet- 
ric to a product manifold. That is, a Riemannian manifold is locally a 
product of Riemannian manifolds with irreducible holonomy algebras. 
This allows one to restrict oneself to groups acting irreducibly, and 
leads to the classification of Riemannian holonomy groups of Berger 



The possible restricted holonomy groups of irreducible Riemannian 
manifolds are known [T21 S]. In the familiar positive-definite case, 
Berger's classification [T2] implies that a simply connected, irreducible, 
non-symmetric manifold can be Calabi-Yau, with SU{n) holonomy in 
2n dimensions, hyper-Kahler, with Sp{n) holonomy in An dimensions, 
have G2 holonomy in seven- dimensions and Spin(7) holonomy in eight 
dimensions. In each case, there exists a metric with the given holonomy 
and vanishing Ricci tensor. An exceptional case with Sp{n)Sp{l) ho- 
lonomy and Einstein metric also exists. 
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2.1. Lorentz Manifolds. The Ambrose-Singer theorem [13j says that 
the Lie algebra of the holonomy group of the manifold is determined 
by the curvature of the corresponding connection; thus the existence of 
a parallel tensor constrains the holonomy algebra and determines the 
product structure (a precise statement, and a number of appropriate 
definitions, are given in the Appendix). 

The classification of holonomy groups in Lorentzian spacetimes is 
quite different since the Riemannian decomposition theorem does not 
apply without modification [T] . It is important to extend the de Rham 
decomposition theorem to the Lorentzian case [131 [21 fTT] . 

The classification of the holonomy-irreducible case proceeds much as 
in the positive definite case. In the Lorentzian case, there are space- 
times such that no proper subgroup of the Lorentz group acts irre- 
ducibly. A general survey of the pseudo- Riemannian case when the ho- 
lonomy acts irreducibly, particularly regarding the existence of parallel 
spinor fields, was given in [H]. It is this difference that makes classi- 
fying the possible pseudo-Riemannian metrics having parallel spinors 
more difficult. Thus, the Lorentzian analogue of the decomposition 
theorem, due to Wu [2], requires the weaker notion of weak irreducibil- 
ity. 

Wu's theorem [2] asserts that every simply- connected, complete semi- 
Riemannian manifold is isometric to a product of simply-connected, 
complete semi- Riemannian manifolds, of which one can be flat and all 
others are indecomposable or "weakly-irreducible" (i.e., with no non- 
degenerate invariant subspace under holonomy representation). For a 
Riemannian manifold this theorem asserts that the holonomy repre- 
sentation is completely reducible; i.e., decomposes into factors which 
are trivial or irreducible, and are again Riemannian holonomy repre- 
sentations. For pseudo-Riemannian manifolds indecomposability is not 
the same as irreducibility. We can have degenerate invariant subspaces 
under holonomy representation. 

This exotic class of holonomy groups, acting reducibly but indecom- 
posably, are of particular interest in supersymmetry. The classification 
of these spacetimes is still not complete [3] (see also [13 [H [IS])- AH 
simply connected irreducible non-locally symmetric Lorentzian mani- 
folds admitting parallel spinors were studied by [15j. All irreducible 
factors are known by the Berger classification of possible irreducible 
semi- Riemannian holonomy groups [1^. Bryant determined the local 
generality of pseudo-Riemannian metrics with parallel spinors, with 
and without imposing the Ricci-fiat condition P]. 
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2.2. Classification. Thus in order to classify holonomy groups of simply- 
connected Lorentzian manifolds it is necessary to find the possible ho- 
lonomy groups of indecomposable (i.e., weakly- irreducible) , but non- 
irreducible Lorentzian manifolds. The holonomy algebra of such a man- 
ifold of dimension n is contained in the Sim(?2 — 2) algebra. The projec- 
tions of this holonomy algebra, classified into four types based on the 
possible projections on M and M'^"~^\ were studied in [Ij. A decompo- 
sition property for the so(n — 2)-projection was also found in [T] (i.e., 
there is a decomposition of the representation space into irreducible 
components and of the Lie algebra into ideals which act irreducibly on 
the components). 

Thus, it suffices to study irreducibly acting groups or algebras, a fact 
which is necessary for obtaining a classification. An algebraic criterion 
on the so(n — 2)-component of an indecomposable, reducible, simply- 
connected Lorentzian manifold, in analogy to the well known Berger 
criterion for holonomy algebras, was derived by Leistner [^. Further- 
more, it was shown that every irreducible weak-Berger algebra which 
is contained in u((n — 2)/2) is a Berger algebra, and from the decom- 
position property is, in particular, a Riemannian holonomy algebra. In 
addition, the result was then repeated for a simple weak-Berger algebra 
which is not contained in u((n — 2)/2) [3]. Finally, it was shown that 
there are no semisimple, non simple, irreducibly acting Lie algebras not 
contained in u((n — 2)/2) which are weak-Berger but not Berger [16] 
(the converse results were also discussed). 

It therefore follows that every SO{n — 2) -projection of an indecom- 
posable, non-irreducible Lorentzian holonomy group is a Riemannian 
holonomy group [3J. 

The holonomy group at a point p in an indecomposable non-irreducible 
Lorentzian manifold, acting on TpM, then has a null, one-dimensional 
invariant subspace, which is equivalent to the existence of a recurrent 
null vector field. The existence of the recurrent vector leads to the 
holonomy algebra (M©so(n — 2)) k M*^"^, which is the Sim(n — 2) alge- 
bra. The corresponding group is the maximal proper subgroup of the 
Lorentz group SO{n — 1, 1), a subgroup of dimension (n^ — 3n + 4)/2. 
Sim(?T, — 2) holonomy implies the existence of a recurrent null vector 

i- 

With respect to the four projections of the holonomy algebra on the 

M- and on the R^^^^-'-components, we have the following [1]: For the 
types / and // the holonomy is equal to (M©0) x M^""^) and g k R^""^), 
respectively. In the case of types II and IV the projection on R is zero, 
which implies the existence not only of a recurrent null vector field but 
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also of a parallel one. In the case of types /// and IV the M- the 
]r("-2)_ components are coupled to the so{n — 2) -component. 

All candidates to the weakly-irreducible not irreducible holonomy 
algebras of Lorentzian manifolds are known. To complete the classifi- 
cation of holonomy algebras it was proved that all Berger algebras can 
be realised as holonomy algebras of Lorentzian manifolds [16} . 

2.2.1. Summary. As a result, we have the following [Il[2l[3]: 

For a Lorentzian manifold, M, the de Rham/Wu-decomposition yields 
the following two cases. 1. Completely reducible: Here M decomposes 
into irreducible or flat Riemannian manifolds and a manifold which 
is an irreducible or flat Lorentzian manifold or (R, — dt). The irre- 
ducible Riemannian holonomies are known, as well as the irreducible 
Lorentzian one, which has to be the whole of SO{l,n — 1). 2. Not 
completely reducible: This is equivalent to the existence of a degener- 
ate invariant subspace and entails the existence of a holonomy invariant 
lightlike subspace. The Lorentzian manifold decomposes into irreducible 
or flat Riemannian manifolds and a Lorentzian manifold with inde- 
composable, but non-irreducible holonomy representation; i.e., with (a 
one- dimensional) invariant lightlike subspace. 

2.3. The 4D case. In four dimensions (4D) there are 15 holonomy 
subgroups, labelled Ri - R15 fTT]. Ri is the trivial group and R5 
cannot exist as a spacetime holonomy. i?i5 is the full Lorentz group and 
corresponds to the irreducible case. The non-degenerately reducible 
subgroups are R2, R3, R4,, Rq, R7, Rio and R13 (the corresponding 
spacetimes include the 1 + 3 and 2 + 2 decomposable spacetimes; e.g., 
R13). Finally, the reducible but degenerate subgroups are Rg, R9, Ru, 
R12 and i?i4; spacetimes with Rg and Rn holonomy admit a CCNV, 
while spacetimes with Rg, R12 and i?i4 holonomy admit a RNV. 

The holonomy group in a 4D Lorentzian spacetime was reviewed by 
Hall [T7]; the holonomy algebras and associated RNV and CCNV in 
4D were given explicitly in the table therein. The holonomy group can 
be used to find all metrics on M ^^. The well-known classification 
of pseudo-Riemannian metrics with parallel spinors in 4D has been 
reviewed by Bryant [4]; the Lorentzian case was studied in [19]. 

3. KUNDT SPACETIMES 

3.1. Higher dimensional Kundt spacetimes: The n-dimensional 
Kundt metric can be written [20] 



ds"^ = 2du [dv + H{v, u, x^)du + Wi{v, u, x'')dx^] + gij{u, x'')dx''dx^. 

(1) 
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The metric functions H, Wi and Qij satisfy the Einstein equations 
{i,j = 2, ..., N — 2). The metric ([1]) possesses a null vector field i = ■§^ 
which is geodesic, non-expanding, shear- free and non- twisting (i.e., the 
Ricci rotation coefficients Lij = ii.j = 0). Kundt spacetimes are of 
Riemann type II (or simpler) |20j . 



3.1.1. Covariantly constant null vector (CCNV). In general, the gener- 
alized Kundt metric has the non-vanishing Ricci rotation coefficients L 
and Lj. From L = we obtain H^^ = and Lj = implies Wi^^ = [21] . 
The remaining transformations can be used to further simplify the re- 
maining non-trivial metric functions. Thus, the aligned, repeated, null 
vector £ of ([1]) is a null Killing vector (KV) if and only if H^ = and 
W^i,t) = (whence the metric no longer has any v dependence). Fur- 
thermore, it follows that if £ is a null KV then it is also covariantly 
constant. Without any further restrictions, the higher dimensional 
metrics admitting a null KV are of Ricci and Weyl type II. Therefore, 
the most general metric that admits a covariantly constant null vector 
(CCNV) is (Q with H = H{u,x^) and Wi = Wi{u,x'') [H]; we shall 
refer to this as a a Kundt-CCNV raetnc. 

3.1.2. Recurrent null vector (RNV). As shown in [9], the null vector 
field of a metric with Sim(n — 2) holonomy is recurrent, and it fol- 
lows that the null congruence is geodesic, twist-free, expansion-free 
and shear-free; i.e., the metrics belong to the class of Kundt metrics 
|20j . Metrics with Sim(n — 2) holonomy may be cast in the form of 
([1]) with Wi = Wi{u,x'^) (i.e., independent off); called a Kundt-RNV 
metric or a metric of Walker form. For the Sim(n — 2) metrics there 
are no further restrictions on the metric functions. 

3.1.3. Constant curvature invariants (CSI). If we require that all of the 
curvature invariants are constants, it follows that the metric function 
H{v, u, x^) in the Kundt metric ([1]) only contains terms polynomial and 
second order in f ; i.e.. 



H{v, u, x'') = v^a + vH^^\u, x'') + H^°\u, x''), 

where a = (4cr + W^^'^^WJ; )/8 and a is a constant. In addition, for a 
Kundt-CSI spacetime there exists a (w-dependent) diffeomorphism such 
that the transverse metric can be made tt-independent. Furthermore, 
the transverse metric ds"^ is locally homogeneous. Hence, there is no 
loss of generality in assuming that ds"^ is a locally homogeneous space, 

Mnom- 
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3.1.4. Vanishing curvature invariants (VSI). In this case all curvature 
invariants to all orders vanish, which implies that we can set 

(7 = 0, Qijdx^dx-' = dijdx^dx-' . 

(This is the W^ = case of the general VSI metrics.) The Riemann 
tensor is of type III (or simpler). 

3.2. Supergravity theories. The VSI and CSI spacetimes are of par- 
ticular interest since they are solutions of supergravity or superstring 
theory, when supported by appropriate bosonic fields. The supersym- 
metry properties of these spacetimes have also been discussed. 

In [22] it was shown that the higher- dimensional VSI spacetimes with 
fluxes and dilaton are solutions of type IIB supergravity. Exact VSI 
solutions of IIB supergravity with NS-NS and RR fluxes and dilaton 
have been constructed. The solutions are classified according to their 
Ricci type (N or III). The Ricci type N solutions are generalizations of 
pp-wave type IIB supergravity solutions. The Ricci type III solutions 
are characterized by a non-constant dilaton field. In particular, it was 
shown that all Ricci type N VSI spacetimes are solutions of supergravity 
(and that Ricci type III VSI spacetimes are also supergravity solutions 
if supported by appropriate sources), and similar results are expected 
in all supergravity theories. It was also argued that, in general, the VSI 
spacetimes are exact string solutions to all orders in the string tension. 
It is known that the higher-dimensional pp-wave spacetimes are exact 
solutions in string theory, in type-IIB superstrings with an R-R five- 
form, and also with NS-NS form fields [231 12^ - 

A number of CSI spacetimes are also known to be solutions of su- 
pergravity theory when supported by appropriate bosonic fields [25]. It 
is known that AdSd x 5'(^^'^) (in short AdS x S) is an exact solution of 
supergravity (and preserves the maximal number of supersymmetries) 
for certain values of (N,d) and for particular ratios of the radii of curva- 
ture of the two space forms. Such spacetimes (with d = 5, N = 10) are 
supersymmetric solutions of IIB supergravity (and there are analogous 
solutions in D = 11 supergravity). AdS x S* is an example of a CSI 
spacetime [2S]- There are a number of other CSI spacetimes known to 
be solutions of supergravity and admit supersymmetries; namely, gen- 
eralizations of AdS X 5* and (generalizations of) the chiral null models 
|27j . The Weyl type /// AdS gyraton [28j (which is a CSI spacetime 
with the same curvature invariants as pure AdS) is a solution of gauged 
supergravity (the AdS gyraton can be cast in the Kundt form [25j). 

Some explicit examples of CSI supergravity spacetimes were con- 
structed in [25j by generalising a homogeneous Einstein spacetime. 
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(A^Hom,^), of Kundt form to an inhomogeneous spacetime, {A4,g), by 
including arbitrary functions W^ {u,x''), H^^\u^x^) and H^^\u^x^). 
In the examples (A^Hom, g) was chosen to be a regular Lorentzian Ein- 
stein solvmanifold or the transverse space was chosen to be the Heisen- 
berg group, S'L(2,]R), or the 2-sphere, S'^ . 

The supersymmetry properties of VSI spacetimes have also been 
studied. It is known that in general if a spacetime admits a Killing 
spinor, it necessarily admits a null or timelike Killing vector. Therefore, 
a necessary (but not sufficient) condition for a particular supergravity 
solution to preserve some supersymmetry is that the spacetime possess 
such a Killing vector. Therefore the supersymmetry properties of VSI 
type IIB supergravity solutions with a CCNV were studied [22] • Super- 
symmetry was also studied in the CSI-CCNV subclass of supergravity 
spacetimes [25] . 

4. Discussion 

A Lorentzian manifold admitting an indecomposable but non-irreducible 
holonomy representation (i.e., with a one-dimensional invariant light- 
like subspace) is a CCNV or RNV (Kundt) spacetime, which contains 
the VSI and CSI subclasses as special cases. Therefore, the Kundt 
spacetimes that are of particular physical interest are degenerately re- 
ducible, which leads to comphcated holonomy structure and various 
degenerate mathematical properties. Such spacetimes have a number 
of other interesting and unusual properties, which may lead to novel 
and fundamental physics. Indeed, a complete understanding of string 
theory is not possible without a comprehensive knowledge of the prop- 
erties of the Kundt spacetimes. 

For example, in general a Lorentzian spacetime is completely clas- 
sified by its set of scalar polynomial curvature invariants. However, 
this is not true for Kundt spacetimes [29] (i.e., they have important 
geometrical information that is not contained in the scalar invariants). 
All VSI spacetimes and CSI spacetimes that are not locally homoge- 
neous (including the important CCNV and RNV subcases) belong to 
the Kundt class PU]. In these spacetimes all of the scalar invariants are 
constant or zero. This leads to interesting problems with any physical 
property that depends essentially on scalar invariants, and may lead 
to ambiguities and pathologies in models of quantum gravity or string 
theory. 

As an illustration, in many theories of fundamental physics there are 
geometric classical corrections to general relativity. Different polyno- 
mial curvature invariants (constructed from the Riemann tensor and its 
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covariant derivatives) are required to compute different loop-orders of 
renormalization of the Einstein- Hilbert action [30] • In specific quantum 
models sucli as supergravity tliere are particular allowed local countert- 
erms (such as, e.g., the square of the quadratic Bel- Robertson tensor at 
3-loop order in D=4, N=l SUGRA, 2-loop divergences involving terms 
quartic in curvature in D=ll SUGRA, etc. [31]). 

In particular, a classical solution is called universal if the quantum 
correction is a multiple of the metric. In [52] metrics of holonomy 
Sim(n — 2) were investigated, and it was found that all 4-dimensional 
Sim(2) metrics are universal and consequently can be interpreted as 
metrics with vanishing quantum corrections and are automatically so- 
lutions to the quantum theory. The RNV and CCNV (Kundt) space- 
times therefore play an important role in the quantum theory, regard- 
less of what the exact form of this theory might be. 

Finally, in the domain of Planck scale curvatures, the character of 
gravity may change radically due to its underlying quantum nature. 
The expectation is that singularities will be "resolved" in the correct 
theory of quantum gravity. Indeed, spacetimes which are singular in 
general relativity can be completely nonsingular in string theory |H3]. 
However, it is not true that all singularities are removed in string the- 
ory. The VSI and CSI Kundt spacetimes with arbitrary u dependence 
are exact solutions to string theory [23]. However, if any of the metric 
functions diverge as w — > mq, then the Kundt spacetime is singular. By 
studying the string propagation in this background, the string does not 
always have well behaved propagation through this singularity since the 
divergent tidal forces cause the string to become infinitely excited [25] . 
Indeed, it has been argued that on physical grounds, any reasonable 
theory will not "resolve" certain classes of timelike singularities, since 
the elimination of these singularities would lead to a theory without a 
stable ground state [31]. 



5. Appendix 

5.0.1. Definitions. The holonomy group of M is denoted by $. If one 
restricts to members which are continuously or smoothly homotopic 
to zero one arrives at the restricted holonomy group of M denoted 
abstractly by $°. In fact $° is the identity component Lie subgroup of 
$. If M is simply connected $° = $. The associated holonomy algebra 
is denoted 0. 

The infinitesimal holonomy algebra of M at p, 0' is a subalgebra 
of for each p G M. By definition, 0' is the Lie algebra spanned by 
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R{X, Y), VR{X, Y, Z), VVi?(X, Y,Z,W),... If the infinitesimal holo- 
nomy algebra is determined by the Riemann tensor alone, the manifold 
is called perfect. The corresponding unique connected Lie subgroup 
arising from 0' is referred to as the infinitesimal holonomy group of M 
at p and is denoted by ^'p . Under weak assumptions on the manifold, 

The holonomy group $ of M is called reducible if for some (and 
hence any) p & M and for some non-trivial proper subspace V C 
TpM, V is invariant under each member of $p . Otherwise $ is called 
irreducible. Such a subspace V is called holonomy invariant. Further, 
$ is called non- degenerately reducible if a (non-trivial proper) non-null 
holonomy invariant subspace of TpM exists at some (and hence every) 
p e M. In such a situation TpM is said to be decomposable, weakly 
reducible or non- degenerately reducible. If one instead considers the 
restricted holonomy group $°, one speaks of strictly irreducible and 
strictly holonomy-indecomposable manifolds. 

If $ is reducible, but not non-degenerately reducible, it is called de- 
generately reducible. Therefore, in the Lorentzian case, there is a dis- 
tinction to be made between a metric being holonomy-irreducible (no 
parallel subbundles of the tangent bundle), being holonomy-indecomposable 
(no parallel splitting of the tangent bundle), and being indecomposable 
(no local product decomposition of the metric) |2]. 

5.0.2. The Ambrose- Singer theorem. The theorem [13] is as follows: 

Theorem 1. (Ambrose-Singer) The Lie algebra 0p o/ $p (and of ^) 
is generated by 

RabcdX^Y^ 

where Xg and Yg range over all possible tangent vectors at q and the 
point q ranges over all points that can be joined to p by a parallel- 
transported curve. 
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